Determination of the spin-orbit coupling in a nanowire via electric-dipole spin 

resonance 
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A semiconductor nanowire quantum dot with strong spin-orbit coupling (SOC) can be used to 
achieve a spin-orbit qubit. In contrast to a spin qubit, the spin-orbit qubit can respond to an external 
a.c. electric field, an effect called electric-dipole spin resonance. Here we develop a theory that can 
apply in the strong SOC regime. We find that there is an optimal SOC strength ^ op t = \/2/2, 
where the Rabi frequency induced by the a.c. electric field becomes maximal. Also, we show that 
both the level spacing and the Rabi frequency of the spin-orbit qubit have periodic responses to the 
direction of the external static magnetic field. These responses can be used to determine the SOC 
in the nanowire. 

PACS numbers: 73.21. La, 71.70.Ej, 76.30.-v 



Introduction. — How to achieve a simple and efficient 
way to manipulate a qubit is of basic importance in quan- 
tum information processing (see, e.g., [1, 2]). The spin- 
orbit qubit [3], unlike the conventional spin qubit [4], 
contains both the orbital degree of freedom and the spin 
degree of freedom of an electron, owing to the spin-orbit 
coupling (SOC) [5]. The spin-orbit qubit has an addi- 
tional advantage of being manipulatable via an external 
a.c. electric field, an interesting phenomenon called the 
electric-dipole spin resonance (EDSR) [6-11]. With re- 
spect to generating a local a.c. magnetic field for manip- 
ulating a spin qubit, it is much easier to produce a local 
a.c. electric field with current experimental techniques. 

The prerequisite for realizing a spin-orbit qubit in a 
semiconductor quantum-dot structure is the availability 
of SOC in the material [3]. The SOC appears when one 
takes a non-relativistic approximation to the Dirac equa- 
tion [5]. There arc two different types of SOC in a semi- 
conductor material, i.e., the Rashba SOC due to struc- 
tural inversion asymmetry [12], and the Dressclhaus SOC 
due to the bulk inversion asymmetry [13]. Usually, both 
types of SOC coexist in a material [14], but which one 
plays a major part depends on the properties of the ma- 
terial. 

Semiconductor quantum wires with strong SOC, e.g., 
InSb nanowircs [3, 11], is of current interest. It has 
been suggested as a potential platform for demonstrat- 
ing Majorana quasiparticles [15, 16], and it can also be 
used to produce a quantum dot for achieving a spin-orbit 
qubit [3]. The coherent electric manipulation and the 
spectroscopy of a nanowire spin-orbit qubit were inves- 
tigated [11], and a strong Rabi frequency of 100 MHz 
was also reported recently [17]. Interestingly, the fre- 
quency of the driving a.c. electric field depends on the 
direction of the applied static magnetic field [11]. As our 
study shows, this dependence is actually a signature of 



the strong SOC in the nanowire. 

In this Letter, we provide an explicit theoretical expla- 
nation for the EDSR effect in a nanowire quantum dot 
with strong SOC. In comparison with previous theories, 
where the SOC was regarded as a perturbation [18-21], 
we consider a strong SOC. Instead, we treat the external 
static magnetic field as a perturbation. It is estimated 
that our theory can be valid when using a magnetic field 
as strong as 0.1 T. This field is much stronger than the 
magnetic field usually used in experiments on quantum 
devices, so the external magnetic field can indeed be used 
as a perturbation. With our theory applicable in the 
strong SOC regime, it reveals that the Rabi frequency 
induced by an external a.c. electric field has a maximum 
value at an optimal SOC strength, instead of the Rabi fre- 
quency that is linearly proportional to the SOC strength. 
As our theory shows, this linear dependence is only valid 
in the weak SOC regime. Also, our theory shows that 
the SOC can be probed by monitoring both the spec- 
trum and the EDSR responses of the spin-orbit qubit to 
the direction of the external static magnetic field. There- 
fore, it can provide a useful method to determine both 
Rashba and Dressclhaus SOCs in the nanowire. 

Spin-orbit qubit based on a nanowire quantum dot. — 
We consider a gated nanowire quantum dot with strong 
SOC, where an electron is confined in an one-dimensional 
harmonic well and subjected to a static magnetic 
field [22, 23]. The Hamiltonian reads 
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where m e is the effective electron mass, p = —ihd/dx, 
a R(D) is the Rashba (Dresselhaus) SOC strength, /is is 
Bohr magneton, and er" = n • cr = a x cos + a y sin 9, 
with n = (cos 0, sin 0) representing the direction of the 
external static magnetic field [see Fig. 1(a)]. Because 
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FIG. 1. (color online) (a) Schematical diagram of the unit vec- 
tors n, a, and b, where n = (cos 0, sin 8) represents the direc- 
tion of an external static magnetic field B, a = (cos <p, simp), 
with ip = arctan(ai?/a.D) £ [0, f ] characterizing the rel- 
ative strength between the Rashba and Dresselhaus SOCs, 
and b = (— sin tp, cos tp) is a unit vector perpendicular to a. 
(b) Energy spectrum of a semiconductor nanowire quantum 
dot modeled by Ho in Eq. (2), where each energy level is two- 
fold degenerate. This degeneracy can be removed by applying 
a static magnetic field to the nanowire quantum dot. Here the 
lowest two levels with splitting _B qu are used to encode a spin- 
orbit qubit. 



the electron moves in a one-dimensional well, the vector 
potential A = ^Bxr has almost no effect on the orbital 
motion of the electron when the applied magnetic field is 
weak, i.e., to 3> eB/(2m e c). 

Even though the Hamiltonian (1) looks simple, it is 
very difficult to analytically calculate its energy spec- 
trum by directly solving the Schrodinger equation [24- 
26]. Therefore, in order to have a good understanding of 
the energy spectrum and the corresponding eigenstates 
of H , one has to rely on a perturbativc method. Here, in- 
stead of an and ao , we introduce two new parameters a 
and <p: a — y 'a 2 R + a 2 D , and tp — arctan(a^/arj), where 
tp G [0, §]. With these new parameters, the Hamiltonian 
(1) can be rewritten as 
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with a c = c ■ <j (c = a, b,n). Here the unit vec- 
tors a = (cos <^, sin y), b = (— shop, cosip), and n = 
cos(0 — tp)a. + sin((9 — tp)h arc schematically illustrated 
in Fig. 1(a). In previous theories [18-21], the SOC term 
was often considered as a perturbation, but this applies 
only for a weak SOC, i.e., r\ = y^m e /(huj)a < 1 in the 
nanowire quantum dot. Below we consider the case which 
is valid even in the strong SOC (i.e., large rj) regime. 
Note that the Zeeman splitting g e fiBB (~ 1/xeV) is usu- 
ally much less than the orbit splitting fuo (~ 1-10 meV). 
For instance, in an InSb nanowire quantum dot, hiu ra 7.5 
meV, and g e sa 40 [11], so the external magnetic field can 
be as strong as B ~ 0.1 T for £ = g e ^,BB/(hu) ~ 0.03. 
This field is much stronger than the magnetic field usu- 
ally used in experiments [3, 11, 17], so Hi can be treated 



as a perturbation. In this way, the Schrodinger equation 
of H can be analytically solved (see below) , which is valid 
for both the strong SOC and the magnetic field usually 
used in experiments on quantum devices. 

To encode a spin-orbit qubit, we only need to focus 
on the lowest two energy levels of H. Here we calculate 
the energy-level spacing and the Hilbert-space structure 
of the spin-orbit qubit by using the perturbative method 
for degenerate states [27], where all derived results are 
accurate up to first order in £. 

It can be derived that a unitary transformation can di- 
agonalize H , i.e., ^("Wft)*^ Hoe -i(m ea /H)xa" = j£_ + 

^m e oj 2 x 2 — m e a 2 /2. Let ip n (x) be the eigenstates of 
a harmonic oscillator corresponding to the eigenvalues 
(n + ^)fko, where n = 0,1,2, ... . Then, the eigenvalues 
of Ho are e n = (n+ ^)fuj~ ^m e a 2 , and the corresponding 
eigenstates are given by 
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with | fa) = (V2/2)(e-^/ 2 ,e^ 2 ) T , and | U) = 
{V2/2)(e~ tv/2 ,-e lv/2 ) T , where T denotes the transpose 
of a matrix, are two eigenstates of a a : a a \ fa) = I la), 
and a a \ l a ) = — | | a ). The energy spectrum of H Q is 
similar to the energy spectrum of a harmonic oscillator, 
except that each level e„ is two-fold degenerate, with the 
corresponding degenerate eigenstates given by l^n-j-) and 
l^nj.)- Therefore, we should use the perturbative method 
for degenerate states, so as to calculate the energy spec- 
trum and the corresponding eigenstates of H . 

Our interest focuses on the n = Hilbert subspace. 
Usually, the two degenerate states |^ot) an d l^oj.) will 
recombine in the zeroth-order wave functions, so we cal- 
culate Hi in the Hilbert subspace spanned by |\Pot) and 
l*cu): 
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Here we have used the formulas a h \ f a ) = —i\ l a ), and 
& b \ la) = i\ la) in deriving the above matrix. Diago- 
nalizing this matrix, we obtain the eigenvalues and the 
corresponding eigenfunctions 

e ± = ±&^/, |*±) = c± |* ot ) + d±|*04.>, (5) 

where 
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with / = f(r),6 - tp) = [cos 2 (6> - tp) + e 

tp)] 1 / 2 . The wave functions \^q) are actually the recom- 

bined zeroth-order wave functions. The first-order wave 



functions can be calculated using the perturbative for- 

mula [27]: |*± ) = J*±) + £~ i, CT=t 4 %S^I*->- 
Therefore, we obtain 

|*&) = c±|*ot> + d±|*cu) + *|e-'" 2 sin(tf - V ) 

x 2 AX_2f_ [(-l)« c± |^) - d± |* Bt )] . (7) 



Here we have obtained the two lowest energy levels and 
the corresponding wave functions |^/ } of H by using 
degenerate perturbation theory, which are accurate up 
to first order in £. The two states \^q p ) and \^q p ) can be 
used to encode the spin-orbit qubit which has the level 
spacing [see Fig. 1(b)]: 



E qu = g e ix B BsJ cos 2 {0 - <p) + e- 2 " 2 sin 2 (6> - <p). (8) 

Clearly, it can be seen from Eq. (7) that the spin-orbit 
qubit is different from the conventional spin qubit (which 
only contains the n = orbit state) because the spin- 
orbit qubit combines lots of orbit states (n = 0, 1, • • ■ , oo) 
with the spin state. This orbital feature of the spin-orbit 
qubit leads to an interesting phenomenon called EDSR, 
which can be used to manipulate the electron spin via an 
external a.c. electric field. 

EDSR and its response to the magnetic- field 
direction. — In EDSR, the SOC plays a key role [8- 
11, 28], such that an electron spin can respond to an 
a.c. electric field. In previous studies, the SOC was 
treated as a perturbation, and the EDSR effect has 
been investigated for a quantum- well structure [18] 
and a two-dimensional GaAs quantum dot [19, 20]. 
Those results show that the Rabi frequency is linearly 
proportional to the SOC strength -q [19]. Below we will 
show that this linear dependence of the Rabi frequency 
on r) is due to the weak SOC. 

When we apply an external a.c. electric field to the 
nanowire quantum dot, the total Hamiltonian becomes 
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where v is the frequency of the a.c. electric field. Based on 
the results derived above, when we focus on the Hilbert 
subspace of the spin-orbit qubit spanned by l^jt,) and 
\^q '), the Hamiltonian is reduced to a spin-orbit qubit 
interacting with an a.c. electric field: H tot = \E qv j z + 

eExcos{2-Kvt), where t z = |*k>(*&| - |*o P )(*o P l- In 
this Hilbert subspace of the spin-orbit qubit, x has the 
elements 



(*&w*&> = o + o(e), (* ">i*o~ P ) = o + o(e), 

(*&M*i) =^o^ e -" 2 |sin(#-^)|+0(£ 2 ), (io) 




FIG. 2. (color online) Dependence of the Rabi frequency 
(in units of fio) on the SOC strength rj, where fio = 
(eExo/h)£\sm(6 — (p)\. There is an optimal SOC strength 
Tjopt — v2/2 ~ 0.707, where the Rabi frequency becomes 
maximal. After this optimal point r; op t, increasing SOC re- 
duces the Rabi frequency. 



where x = y/H/(m e u)). Thus, we conclude that H tot can 
be reduced to the following EDSR Hamiltonian: 



where 



Htot = 2 E ^ T + hQRT cos ( 27wt ). (11) 



= f^W- V |sin(0-¥O| ) (12) 
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is the Rabi frequency, with h being the Planck constant, 
and t y = i(|* 0p )(*il - \Hp)(^o P \)- When rj is treated 
as a perturbation for the weak SOC (77 -C 1), we can 
expand f2_R as £Ir = (eExo/h)£r]\ sm(8 — <p)\ + 0(n 2 ), so 
we recover the previous result [19]. In fact, this EDSR 
Hamiltonian is the Rabi-oscillation Hamiltonian in quan- 
tum optics [29], where a quantum two- level system in- 
teracts with a classical field. Therefore, the physics of 
EDSR is transparent: when the driving frequency is in 
resonance to the level spacing of the spin-orbit qubit 
(hv = -Eq U ), the spin-orbit qubit can be flipped from 
one basis state to another via the Rabi oscillation, where 
f2^ characterizes the manipulation time. 

Note that the SOC strength 77 is not treated as a 
perturbation in our theory, so our results apply in the 
strong SOC regime. Firstly, the level spacing _E qu given 
in Eq. (8) depends on the direction 6 of the external 
static magnetic field. If 77 is treated as a perturbation 
as for a weak SOC, the level spacing is just the Zeeman 
splitting g e fiBB. Thus, the dependence of E qu on the 
magnetic-field direction is a signature of strong SOC in 
the nanowire. This directional dependence was demon- 
strated in a recent experiment on an InSb nanowire 
quantum dot [11]. Secondly, the Rabi frequency Qr 
given in Eq. (12) is not linearly proportional to the SOC 




FIG. 3. (color online) (a) Periodic response of the level spac- 
ing E qu (in units of g B fisB) of the spin-orbit qubit on the 
direction 9 of the external static magnetic field, (b) Peri- 
odic response of the Rabi frequency Q,r (in units of fl) on 
the direction 9 of the external static magnetic field, where 
SI = (eExo/h)£r] e~ v . The parameter ip = arctan(ai}/a_o) 
characterizes the relative strength between the Rashba and 
Dresselhaus SOCs in the nanowire. For example, ip — cor- 
responds to a nanowire with pure Dresselhaus SOC (or — 0) , 
ip — 7r/2 corresponds to a nanowire with pure Rashba SOC 
{old — 0), and ip = 7r/4 corresponds to a nanowire with equal 
Rashba and Dresselhaus SOCs (an = aj)). 



strength r\. Instead, there is an optimal SOC strength 
?7opt = \/2/2, at which the Rabi frequency reaches its 
maximum value (see Fig. 2). Our results imply that, in 
order to achieve the strongest Rabi frequency, it is not 
necessary to find materials with extremely strong SOC, 
but to find a material with an optimal value of the SOC 
strength 7/ opt = \plj2. This optimal material gives the 
least manipulation time $7^ for the state flipping of a 
spin-orbit qubit. 

The determination of the SOC is an important 
goal [30]. Because both level spacing and Rabi fre- 
quency of the spin-orbit qubit depend on the direction 
of the external static magnetic field, we can use this re- 
sponse to determine both the Rashba and Dresselhaus 
SOC strengths, an and ajj, in the nanowire. Figure 3 
shows the dependence of both the level splitting and the 
Rabi frequency on the magnetic-field direction for dif- 
ferent values of <p = arctan(afl/aD)- Because the level 
splitting E qu oscillates between e~ v and 1 [see Fig. 3(a)], 
we can determine the SOC strength n from the mini- 
mal amplitude e _?? . Moreover, by monitoring how the 
level splitting E qu and the Rabi frequency Qr vary with 
the direction 9 of the external static magnetic field, we 



can determine the parameter (p. For example, the level 
spacing E qu in Eq. (8) reaches its maximum values at 
0max = ±Itt + <p (I = 0, 1, 2 ■ • • ) [see Fig. 3(a)], and the 
Rabi frequency Qr in Eq. (12) reaches its maximum val- 
ues at 6> max = ±(21 + l)7r/2 + p (I = 0, 1, 2, • • • ) [see 
Fig. 3(b)]. Thus, ip can be determined from the values 
of (?max- Because o>d = acosp, and an = asin^, with 
a = r}y/fkjj/m e , we should know the orbit-level spacing 
hw to obtain the Rashba and Dresselhaus SOC strengths, 
ur and old, in the nanowire. Actually, the orbit- level 
spacing hu is controlled by the gate voltages on the static 
electric gates which are used to form the trap potential 
^m e u) 2 x 2 . We take a recent experiment as an exam- 
ple. By comparing Fig. 3(a) with Fig. 2(c) in [11], we 
obtain e^ w 15/20 and max ra 0.22tt at I = from 
the experimental data. Thus, we have 77 m 0.54 and 
P = "mm ~ 0.227T (40°) for the nanowire material. Also, 
this value of r\ ss 0.54 reveals that the nanowire material 
used in [11] has a strong SOC. 

Conclusions. — We have theoretically investigated the 
EDSR effect in a semiconductor nanowire quantum dot 
with strong SOC. In contrast to the previous theories de- 
veloped in the weak-SOC regime, our results demonstrate 
that there is an optimal SOC strength 7/ opt = v2/2 where 
the Rabi frequency induced by the external a.c. electric 
field is maximal. Also, we show that both the level spac- 
ing and the Rabi frequency of the spin-orbit qubit have 
periodic responses to the direction of the external static 
magnetic field. These responses can be used to probe the 
SOC in the nanowire by determining both the Rashba 
and Dresselhaus SOC strengths in the material. 
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